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Abstract. Rough sets are efficient for data pre-processing in data mining. Ma-
troids are based on linear algebra and graph theory, and have a variety of applica-
tions in many fields. Both rough sets and matroids are closely related to lattices.
For a serial and transitive relation on a universe, the collection of all the regu-
lar sets of the generalized rough set is a lattice. In this paper, we use the lattice
to construct a matroid and then study relationships between the lattice and the
closed-set lattice of the matroid. First, the collection of all the regular sets based
on a serial and transitive relation is proved to be a semimodular lattice. Then,
a matroid is constructed through the height function of the semimodular lattice.
Finally, we propose an approach to obtain all the closed sets of the matroid from
the semimodular lattice. Borrowing from matroids, results show that lattice the-
ory provides an interesting view to investigate rough sets.
Keywords: Rough set, Regular set, Semimodular lattice, Height function, Ma-
troid, Independent set, Rank function, Closed-set lattice
1 Introduction
Rough set theory was introduced by Pawlak [19] in 1982. It is a new mathemat-
ical tool to handle inexact, uncertain or vague knowledge and has been successfully
applied to many fields such as machine learning, pattern recognition and data mining
[6,7,13,17,20]. In order to meet various practical applications, rough set theory has been
connected with other theories, such as fuzzy set theory [18,22], boolean algebra [21,23],
topology [15,26,30], lattice theory [2,3,4,5,9,10] and so on.
Matroid theory also has been used to study rough set theory in recent years [27,31].
Matroid theory [14] proposed by Whitney is a generalization of linear algebra, graph
theory, transcendence theory and semimodular lattice theory. Matroids have been ap-
plied to a number of fields, such as combinatorial optimization [16], algorithm design
[8], information coding [24] and so on.
Both rough sets and matroids are closely linked to lattices. The fixed points of the
lower approximation of the upper approximation of generalized rough sets based on
relations are regular sets. For a serial and transitive relation, the collection of all the
regular sets based on the relation is a lattice. In this paper, a matroidal structure is
constructed by the lattice, and then relationships between the lattice and the closed-set
lattice of the matroid are studied. In fact, the collection of all the regular sets based on
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a serial and transitive is a semimodular lattice. We define a family of subsets by the
height function of the semimodular lattice, and then prove that this family satisfies the
independent set axiom of matroids. Therefore, we obtain a matroid with the family as
its independent sets. The rank function of the matroid is also represented by the height
function of the semimodular lattice. Moreover, we propose an approach to obtain all the
closed sets of the matroid from the semimodular lattice. This approach has three steps.
Firstly, any singleton which is a subset of the universe but not a subset of any atom
of the semimodular lattice is a closed set of the matroid. Secondly, any element in the
semimodular lattice is a closed set of the matroid. Thirdly, if there exist two regular sets
in the semimodular lattice with the property that one covers the other one and a subset
of the universe whose elements are between the two ones of these two regular sets, then
the closure of the subset is equal to the regular set whose height function is one more
than the remaining one.
The rest of this paper is organized as follows. In Section 2, we review some basic
knowledge about generalized rough sets, matroids and lattices. Section 3 constructs a
matroidal structure by the semimodular lattice of regular sets based on a serial and
transitive relation. In Section 4, we study relationships between the semimodular lattice
and the closed-set lattice of the matroid. Finally, we conclude this paper in Section 5.
2 Basic definitions
In this section, we recall some basic definitions and related results of generalized
rough sets, matroids and lattices.
2.1 Generalized rough sets based on relations
For any x ∈ U , we call {y ∈ U |xRy} the successor neighborhood of x in R and
denote it as Rs(x).
A relation R ⊆ U × U is serial if for any x ∈ U , there exists y ∈ U such that xRy,
R is transitive if xRy and yRz imply xRz for all x, y, z ∈ U .
A set U with a binary relationR is called a generalized approximation space. Lower
and upper approximations are two key notions in generalized approximation spaces. In
the following definition, we introduce the lower and upper approximations of general-
ized approximation spaces through the successor neighborhood.
Definition 1 (Lower and upper approximations [29]) Let (U , R) be a generalized ap-
proximation space. For any X ⊆ U ,
R(X) = {x ∈ U |Rs(x) ⊆ X},
R(X) = {x ∈ U |Rs(x) ∩X 6= ∅},
are called the lower and upper approximations of X in (U , R), respectively.
The lower approximation of the upper approximation operator is used to define
regular sets.
Definition 2 [28] Let (U , R) be a generalized approximation space and X ⊆ U . If
X = RR(X), then X is called a regular set of (U , R). The collection of all regular
sets of (U , R) is denoted as Reg(U , R).
The collection of all regular sets based on a relation together with the set inclusion is
a lattice if the relation is serial and transitive. For any subset of the collection of all reg-
ular sets, its least upper bound is the lower approximation of the upper approximation
of the union of all the elements in the subset and greatest lower bound is the intersection
of all the elements in the subset.
Proposition 1 [28] Let (U , R) be a generalized approximation space and {Xi|i ∈
I} ⊆ Reg(U , R). If R is serial and transitive, then in (Reg(U , R), ⊆), we have
(1) ∨i∈IXi = RR(∪i∈IXi);
(2) ∧i∈IXi = ∩i∈IXi.
The lattice defined by the collection of all regular sets based on a serial and transitive
relation is a distributive lattice.
Proposition 2 [28] Let (U , R) be a generalized approximation space. If R is serial
and transitive, then (Reg(U , R), ⊆) is distributive.
2.2 Matroids
A characteristic of matroids is that they can be defined in many different but equiv-
alent ways. In the following, a matroid is defined from the viewpoint of independent
sets.
Definition 3 (Matroid [14]) A matroid is a pair (E, I) and it is usually denoted by M ,
where E (called the ground set) is a finite set, and I (called the independent sets) is a
family of subsets of E satisfying the following three conditions:
(I1) ∅ ∈ I;
(I2) if I ∈ I, and I ′ ⊆ I , then I ′ ∈ I;
(I3) if I1, I2 ∈ I, and |I1| < |I2|, then there exists e ∈ I2 − I1 such that I1 ∪ {e} ∈ I,
where |X| denotes the cardinality of X .
The rank function of a matroid generalizes the maximal independence in vector
subspaces. It plays an important role in matroid theory, and it is defined as follows.
Definition 4 (Rank function [14]) Let M = (E, I) be a matroid. The rank function rM
of M is defined as rM (X) = max{|I||I ⊆ X , I ∈ I} for all X ⊆ E. We omit the
subscript M when there is no confusion.
Proposition 3 [14] Let M = (E, I) be a matroid and rM its rank function. For all
X ⊆ E, rM (X) = |X| if and only if X ∈ I.
The closure operator is one of important characteristics of matroids. A matroid and
its closure operator can uniquely determine each other. In order to represent the rela-
tionship between an element and a set of a universe, we introduce the closure operator
through the rank function in matroids.
Definition 5 (Closure [14]) Let M = (E, I) be a matroid. The closure operator clM of
M is defined as clM (X) = {u ∈ E|rM (X) = rM (X ∪ {u})} for all X ⊆ E. clM (X)
is called the closure of X in M .
In a matroid, if the closure of a set is equal to itself, then the set is a closed set. In
other words, a closed set of a matroid is a fixed point of the closure operator.
Definition 6 (Closed set [14]) Let M = (E, I) be a matroid and X ⊆ E. We say that
X is a closed set of M if clM (X) = X .
2.3 Lattices
There are two equivalent ways to define lattices: one is based on the notion of the
partially ordered set, and the other is from the viewpoint of the algebraic system. In the
following definition, we will introduce one based on the notion of the partially ordered
set.
Definition 7 (Lattice [1,11,12]) A partially ordered set 〈L, ≤〉 (or L for short) is a
lattice if every subset {a, b} of L has a least upper bound a ∨ b and a greatest lower
bound a∧ b. L is said to have a least element if there exists an element 0 ∈ L such that
0 ∨ x = x for all x ∈ L.
Definition 8 (Cover [1,11,12]) Let L be a partially ordered set and a, b ∈ L. We say
that a is covered by b (or b covers a) and write a ≺ b, if a ≤ b and there is no element
c in L with a ≤ c ≤ b.
Definition 9 (Atom [1,11,12]) Let L be a lattice with a least element 0. a ∈ L is called
an atom of L if a covers 0. The set of atoms of L is denoted by A(L).
Theorem 1 (Modular lattice [1,11,12]) Let L be a lattice. L is a modular lattice iff it
dose not contain a sublattice isomorphic to N5. (See Fig. 1).
Fig. 1: N5
Corollary 1 [25] In a modular lattice, a ∧ b ≺ a if and only if b ≺ a ∨ b.
Definition 10 (Interval [1,11,12]) Let L be a partially ordered set and a, b ∈ L with
a ≤ b. We say that [a, b] is an interval of L if
[a, b] = {c ∈ L|a ≤ c ≤ b}.
If [a, b] = {a, b}, then a is covered by b.
Definition 11 (Linearly ordered set, chain [1,11,12]) Let L be a partially ordered set.
For any a, b ∈ L, we say that a and b is comparable if a ≤ b or b ≤ a. L is called a
linearly ordered set if a and b is comparable. For any C ⊆ L, if C is a linearly ordered
set, then C is called a chain of L. The length of C is |C|−1. A chain C in L is maximal
if C ∪ {x} is not a chain in L for any x ∈ L− C.
Definition 12 (Height function [1,11,12]) Let L be a lattice with a least element 0. For
a ∈ L, then maximal chain in [0, a] is called the height function of a, and the height
function of a is denoted by h(a).
Theorem 2 [1,11,12] Let L be a lattice. If L is a distributive lattice, then L is also a
modular lattice.
Definition 13 (Semimodular lattice [1,11,12]) A lattice L is called a semimodular lat-
tice if it satisfies the following condition:
for any a, b ∈ L, [a ∧ b, b] = {a ∧ b, b} implies that [a, a ∨ b] = {a, a ∨ b}.
3 Matroidal structure induced by regular sets based on a serial
and transitive relation
In this section, we propose a matroidal structure which is induced by the collection
of all the regular sets based on a serial and transitive relation. First, we prove that the
collection of all the regular sets based on a relation together with the set inclusion is a
semimodular lattice if the relation is serial and transitive.
Proposition 4 If R is serial and transitive, then (Reg(U , R), ⊆) is a semimodular
lattice.
Proof. For any X , Y ∈ Reg(U , R), if [X ∧ Y , Y ] = {X ∧ Y , Y }, then according
to Definition 13, we need to prove that [X , X ∨ Y ] = {X , X ∨ Y }. According to
Proposition 2, Theorem 2 and Corollary 1, it is straightforward.
In the following, we define a family of subsets of the universe from the height
function of the semimodular lattice.
Definition 14 Let h be the height function of (Reg(U , R), ⊆). We define a family of
subsets of U on (Reg(U , R), ⊆) with respect to h as follows:
I(Reg(U , R);h) = {X ⊆ U |h(Y ) ≥ |X ∩ Y |, ∀Y ∈ Reg(U , R)}.
In the following proposition, we will prove that I(Reg(U , R);h) satisfies the inde-
pendent set axiom of matroids.
Proposition 5 I(Reg(U , R);h) satisfies (I1), (I2) and (I3) in Definition 3.
Proof. (I1): SinceR is a serial relation,Rs(x) 6= ∅ for any x ∈ U . Since ∅∩Rs(x) = ∅
and Rs(x) * ∅ for any x ∈ U , ∅ ∈ Reg(U , R). Since h(Y ) ≥ |∅ ∩ Y | = 0 for any
Y ∈ Reg(U , R), ∅ ∈ I(Reg(U , R);h).
(I2): If I2 ∈ I(Reg(U , R);h) and I1 ⊆ I2, then h(Y ) ≥ |I2 ∩ Y | ≥ |I1 ∩ Y | for
all Y ∈ Reg(U , R). Hence I1 ∈ I(Reg(U , R);h).
(I3): Let I1, I2 ∈ I(Reg(U , R);h) and |I1| < |I2|. For any Yk ∈ Reg(U , R), if
|I1 ∩Yk| < h(Yk), then |(I1 ∪{e})∩Yk| ≤ |I1 ∩Yk|+1 ≤ h(Yk) for any e ∈ I2− I1.
For any e ∈ I2 − I1, h(U) ≥ |I2 ∩ U | = |I2| ≥ |I1 ∪ {e}| = |(I1 ∪ {e}) ∩ U | and
h(∅) = |I2 ∩ ∅| = |I1 ∪ {e}) ∩ ∅| = 0.
For any Yj ∈ Reg(U , R)(∅ 6= Yj(j ∈ J) 6= U), if |I1 ∩ Yj | = h(Yj), then for any
e ∈ I2− I1−∪j∈JYj ⊆ I2− I1, |(I1 ∪ {e})∩ Yj | = h(Yj). If I2− I1−∪j∈JYj 6= ∅,
then (I1 ∪ {e}) ∈ I(Reg(U , R);h). So we need to prove only I2 − I1 − ∪j∈JYj 6= ∅.
We need to consider three cases:
Case 1: If there exists j ∈ J such that I2 − I1 − Yj = ∅, then I2 ⊆ (I1 ∩ I2) ∪ Yj .
Since |I1| < |I2|, |I1−(I1∩I2)| < |I2−(I1∩I2)|. Hence |I2∩Yj | > |I1∩Yj | = h(Yj),
which is contradictory to I2 ∈ I(Reg(U , R);h). So I2 − I1 − Yj 6= ∅ for any j ∈ J .
Case 2: If there exist j′, j′′ ∈ J such that I2 − I1 − Yj′ − Yj′′ = ∅, then there
exists a ∈ (I2 − I1 − Yj′) ∩ Yj′′ = (I2 − I1 − Yj′) ∩ I2, b ∈ (I2 − I1 − Yj′′) ∩ Yj′ =
(I2−I1−Yj′′)∩I2. If n1 = |(I2−I1−Yj′)∩I2| ≥ 1, n2 = |(I2−I1−Yj′′)∩I2| ≥ 1,
|(I1 ∩ I2) ∩ Yj′ | = n0 ≥ 0, |(I1 ∩ I2) ∩ Yj′′ | = n ≥ 0 and |(I2 − I1) ∩ (Yj′ ∩ Yj′′)| =
m ≥ 0, then h(Yj′′) ≥ |Yj′′ ∩ I2| = n+ n1 +m, h(Yj′) ≥ |Yj′ ∩ I2| = n0 + n2 +m
and |I2| = |I1 ∩ I2| + n1 + n2 + m. Since h(Yj′) = |I1 ∩ Yj′ | = n0 + n3 ≤ |I1|
and h(Yj′′) = |I1 ∩ Yj′′ | = n + n4 ≤ |I1|, n2 +m ≤ n3 and n1 +m ≤ n4. Hence
|I2| ≤ |I1 ∩ I2|+ n1 + n2 + 2m ≤ |I1 ∩ I2|+ n3 + n4 ≤ |I1|. So |I2| ≤ |I1|, which
is contradictory to |I1| < |I2|. Therefore, I2 − I1 − Yj′ − Yj′′ 6= ∅ for any j′, j′′ ∈ J .
Case 3: If |I1| = n, then J contains one and only one j′ such that |I1 ∩ Yj′ | = n. If
there exists j0 ∈ J with j0 6= j′ such that |I1 ∩ Yj0 | = n, then |I1 ∩ (Yj′ ∩ Yj0)| = n.
Since (Yj′ ∩Yj0) ∈ Reg(U , R), h(Yj′ ) = |I1 ∩Yj′ | = n and h(Yj0) = |I1 ∩Yj0 | = n,
then h(Yj′ ∩ Yj0) = n − 1 < |I1 ∩ (Yj′ ∩ Yj0)| = n, which is contradictory to
I1 ∈ I(Reg(U , R);h). So J contains one and only one j′ such that |I1 ∩ Yj′ | =
n. If |J | ≥ 3 and ∅ 6= Yj(j ∈ J) 6= U , then h(Yj′′) = |I1 ∩ Yj′′ | < n for any
j′′ ∈ J − {j′}. Since Yj′′ 6= ∅, h(Yj′′) 6= 0. Since |I1 ∩ Yj′ | = n, I1 ⊆ Yj′ . If
Yj′∩Yj′′ = ∅, then I1∩Yj′′ = ∅. Hence h(Yj′′) = |I1∩Yj′′ | = 0, which is contradictory
to h(Yj′′) 6= 0. Therefore, Yj′ ∩ Yj′′ 6= ∅. If Yj′′ * Yj′ , then h(Yj′ ∩ Yj′′) < h(Yj′′).
Since 0 < h(Yj′′) = |I1 ∩ Yj′′ | = m1 < n and 0 ≤ |(Yj′′ − (I1 ∩ Yj′′)) ∩ Yj′ | = m2,
|Yj′ ∩ Yj′′ | = m1 + m2. So h(Yj′ ∩ Yj′′) = |I1 ∩ (Yj′ ∩ Yj′′)| = m1, which is
contradictory to m1 = h(Yj′ ∩ Yj′′) < h(Yj′′) = m1. Hence Yj′′ ⊂ Yj′ . Therefore,
I2−I1−∪j∈JYj = I2−I1−Yj′ . According to Case 1, I2−I1−Yj′ 6= ∅. Consequently,
I2 − I1 − ∪j∈JYj 6= ∅.
Proposition 4 and Proposition 5 show that the lattice generated by the collection of
all the regular sets based on a serial and transitive relation is a semimodular lattice and
this lattice can generate a matroid.
Definition 15 The matroid with I(Reg(U , R);h) as its independent sets is denoted by
M(Reg(U , R)). We say M(Reg(U , R)) is the matroid induced by lattice Reg(U , R).
The matroid induced by the semimodular lattice can be illustrated by the following
example.
Example 1 Let U = {1, 2, 3, 4} and R = {(1, 1), (1, 3), (2, 1), (2, 3), (2, 4), (3,
1), (3, 3), (4, 4)} a serial and transitive relation on U . Since Rs(1) = Rs(3) = {1,
3}, Rs(2) = {1, 3, 4}, Rs(4) = {4}, Reg(U , R) = {∅, {4}, {1, 3}, U}. The lattice
Reg(U , R) is shown in Fig. 2. The matroid induced by Reg(U , R) is M(Reg(U , R))
and M(Reg(U , R)) = (U , I(Reg(U , R);h)), where I(Reg(U , R);h) = {∅, {1}, {2},
{3}, {4}, {1, 2}, {1, 4}, {2, 3}, {2, 4}, {3, 4}}.
Fig. 2: Lattice Reg(U , R).
In the following proposition, we obtain the expression of the rank function of the
matroid induced by the semimodular lattice Reg(U , R) through the height function of
the lattice.
Proposition 6 Let r be the rank function of M(Reg(U , R)). For all X ⊆ U , r(X) =
infY ∈Reg(U, R){h(Y ) + |X − Y |}.
Proof. For any I ⊆ X , I ∈ I and Y ∈ Reg(U , R), h(Y ) ≥ |I ∩ Y | and |X − Y | ≥
|I − Y |, i.e., h(Y ) + |X − Y | ≥ |I ∩ Y | + |I − Y |. So r(X) = max{|I||I ⊆
X , I ∈ I} = max{|I ∩ Y | + |I − Y ||I ⊆ X , I ∈ I and Y ∈ Reg(U , R)} =
infY ∈Reg(U, R){h(Y ) + |X − Y |}.
4 Relationships between the semimodular lattice and the closed-set
lattice of the matroid induced by the semimodular lattice
In this section, we study relationships between the semimodular lattice and the
closed-set lattice of the matroid induced by the semimodular lattice. Based on these
relationships, we can obtain all the closed sets of the matroid from the semimodular
lattice.
The following proposition shows that the height function of any element in the
semimodular lattice is equal to the rank function of this element with respect to the
matroid induced by the lattice.
Proposition 7 Let r be the rank function of M(Reg(U , R)). For all X ∈ Reg(U , R),
r(X) = h(X).
Proof. For any Y ∈ Reg(U , R), if h(Y ) ≥ h(X) and X * Y , then there exists Y ′ ∈
Reg(U , R) such that h(Y ) = h(Y ′) and X ⊆ Y ′. So X ∩ Y ⊂ X and X ∩ Y ′ = X .
Therefore, ∅ = X − Y ′ ⊂ X − Y and h(Y ′) + |X − Y ′| = h(Y ′) = h(Y ) ≥ h(X).
Hence, h(Y ) + |X − Y | > h(Y ′) + |X − Y ′| ≥ h(X).
If h(Y ) < h(X) and X ∩ Y = ∅, then h(Y ) + |X − Y | = h(Y ) + |X| ≥ |X| ≥
h(X). If h(Y ) < h(X) and X ∩ Y 6= ∅, then Y ⊂ X or Y * X . Suppose Y * X ,
then there exists Y ′ ∈ Reg(U , R) such that h(Y ) = h(Y ′) and X ∩ Y ⊂ Y ′ ⊂ X .
So X ∩ Y ′ = Y ′. If h(Y ′) = h(X) − n, n ≥ 1, then there exist Zi ∈ Reg(U ,
R)(i ∈ {1, 2, · · · , n − 1}) such that Y ′ ⊂ Zn−1 ⊂ Zn−2 ⊂ · · · ⊂ Z1 ⊂ X and
h(Y ′) = h(Zn−1) − 1 = h(Zn−2) − 2 = · · · = h(Z1) − (n − 1) = h(X) − n. So
|X−Y ′| = |X|−|Y ′| and |Y ′| ≤ |Zn−1|−1 ≤ |Zn−2|−2 ≤ · · · ≤ |X|−n. Therefore,
h(Y )+ |X −Y | = h(Y ′)+ |X −Y | = h(Y ′)+ |X −X ∩Y | > h(Y ′)+ |X −Y ′| =
h(Y ′) + |X| − |Y ′| ≥ h(Y ′) + n = h(X).
Consequently, r(X) = infY ∈Reg(U, R){h(Y ) + |X − Y |} = h(X) for all X ∈
Reg(U , R).
The following proposition shows that a singleton is a closed set of the matroid in-
duced by the semimodular lattice if the singleton is a subset of the universe but not a
subset of any atom of the lattice.
Proposition 8 Let cl be the closure operator of M(Reg(U , R)). For any e ∈ U −
∪A(Reg(U , R)), cl({e}) = {e}.
Proof. Since e ∈ U − ∪A(Reg(U , R)), r({e}) = 1. For any X ∈ A(Reg(U , R))
and any x ∈ X , h(X) = r(X) = 1. Since h(∅) + |{x, e} − ∅| = |{x, e}| = 2,
h(X ′) + |{x, e} − X ′| ≥ h(X ′) + |{e}| = 2 for any X ′ ∈ A(Reg(U , R)) and
h(Y ) + |{x, e} − Y | ≥ h(Y ) ≥ 2 for any Y ∈ Reg(U , R) − A(Reg(U , R)), then
r({x, e}) = 2. Thus x /∈ cl({e}). For any y ∈ U − ∪A(Reg(U , R)) and y 6= e,
h(∅)+ |{y, e}−∅| = |{y, e}| = 2. Since h(X)+ |{y, e}−X| = h(X)+ |{y, e}| = 3
for anyX ∈ A(Reg(U ,R)) and h(Y )+|{y, e}−Y | ≥ h(Y ) ≥ 2 for any Y ∈ Reg(U ,
R)−A(Reg(U , R)), r({y, e}) = 2. Hence y /∈ cl({e}). Consequently, cl({e}) = {e}.
For the union of any regular set X in the semimodular lattice and any singleton
which is a subset of the complement of X in the universe, its rank function is one more
than the height function of X .
Proposition 9 Let r be the rank function of M(Reg(U , R)). For any X ∈ Reg(U , R)
and e ∈ U −X , r(X ∪ {e}) = h(X) + 1.
Proof. For any Y , Y ′ ∈ Reg(U , R), if h(Y ) = h(Y ′) ≥ h(X), X * Y and X ⊆ Y ′,
then ∅ = X − Y ′ ⊂ X − Y . Since X − Y ⊆ X ∪ {e} − Y for any e ∈ U − X ,
h(Y )+ |X∪{e}−Y | = h(Y ′)+ |X∪{e}−Y | ≥ h(Y ′)+ |X−Y | > h(Y ′) ≥ h(X).
If Y ′ = X , then h(Y ′) + |X ∪ {e} − Y ′| = h(X) + |X ∪ {e} −X| = h(X) + 1. If
X ⊂ Y ′, then h(Y ′) ≥ h(X) + 1 and h(Y ′) + 1 ≥ h(Y ′) + |X ∪ {e} − Y ′| ≥ h(Y ′).
So h(Y ′) + |X ∪ {e} − Y ′| ≥ h(X) + 1.
If h(Y ) < h(X) and X ∩ Y = ∅, then Y = ∅ or Y 6= ∅. If Y 6= ∅, h(Y ) +
|X ∪ {e} − Y | ≥ h(Y ) + |X − Y | = h(Y ) + |X| > |X| ≥ h(X). If Y = ∅,
h(∅) + |X ∪ {e} − ∅| = |X| + 1 ≥ h(X) + 1. If h(Y ) < h(X) and X ∩ Y 6= ∅,
then Y ⊂ X or Y * X . Suppose Y * X , then there exists Y ′ ∈ Reg(U , R) such
that h(Y ) = h(Y ′) and X ∩ Y ⊂ Y ′ ⊂ X . Since e ∈ U − X , e /∈ Y ′. If h(Y ′) =
h(X) − n, n ≥ 1, then there exist Zi ∈ Reg(U , R)(i ∈ {1, 2, · · · , n − 1}) such that
Y ′ ⊂ Zn−1 ⊂ Zn−2 ⊂ · · · ⊂ Z1 ⊂ X and h(Y ′) = h(Zn−1) − 1 = h(Zn−2) − 2 =
· · · = h(Z1) − (n − 1) = h(X) − n. So |X ∪ {e} − Y ′| = |X ∪ {e}| − |Y ′| =
|X| + 1 − |Y ′| and |Y ′| ≤ |Zn−1| − 1 ≤ |Zn−2| − 2 ≤ · · · ≤ |X| − n. Therefore,
h(Y ) + |X ∪ {e} − Y | = h(Y ′) + |X ∪ {e} − Y | = h(Y ′) + |X ∪ {e} −X ∩ Y | ≥
h(Y ′) + |X ∪ {e} − Y ′| = h(Y ′) + |X|+ 1− |Y ′| ≥ h(Y ′) + n+ 1 = h(X) + 1.
Consequently, r(X ∪{e}) = infY ∈Reg(U, R){h(Y )+ |X ∪{e}−Y |} = h(X)+1
for all X ∈ Reg(U , R) and e ∈ U −X .
The following proposition shows that any element in the semimodular lattice is a
closed set in the matroid induced by the lattice.
Proposition 10 Let cl be the closure operator ofM(Reg(U ,R)). For anyX ∈ Reg(U ,
R), cl(X) = X .
Proof. According to Proposition 7, r(X) = h(X). According to Proposition 9, r(X ∪
{e}) = h(X) + 1 for any X ∈ Reg(U , R) and e ∈ U −X . Hence cl(X) = X .
In the following part, we use F(n) to represent the set in which the height function
of any element is equal to n. Hence for the lattice Reg(U , R), F(1) = A(Reg(U , R)).
For any two regular sets X and Y in the semimodular lattice, if X covers Y , then a
set Z with Y ⊂ Z ⊂ X has the same height function as X .
Proposition 11 Let r be the rank function of M(Reg(U , R)), X , Y ∈ Reg(U , R) and
X ∈ F(n), Y ∈ F(n − 1)(1 ≤ n ≤ h(U)). For any Z ⊆ U , if Y ⊂ Z ⊂ X , then
r(Z) = h(X).
Proof. For any X ′ ∈ Reg(U , R), if h(X ′) ≥ h(X) and X * X ′, then there exists
Y ′ ∈ Reg(U , R) such that h(X ′) = h(Y ′) and X ⊆ Y ′. Since Z ⊂ X , ∅ = Z − Y ′
and ∅ ⊆ Z −X ′. Moreover, h(Y ′) + |Z − Y ′| = h(Y ′) ≥ h(X). Therefore, h(X ′) +
|Z −X ′| = h(Y ′) + |Z −X ′| ≥ h(Y ′) ≥ h(X).
If h(X ′) < h(X) and X ′ * X , then there exists Y ′ ∈ Reg(U , R) such that
h(X ′) = h(Y ′) and Y ′ ⊂ Z. If h(Y ′) = h(X) − m, m ≥ 1, then there exist Yi ∈
Reg(U , R)(i ∈ {1, 2, · · · , m−2}) such that h(Y ′) = h(Ym−2)−1 = h(Ym−3)−2 =
· · · = h(Y ) − (m − 1) = h(X) −m and Y ′ ⊂ Ym−1 ⊂ · · · ⊂ Y1 ⊂ Y ⊂ X . Since
|Z| − |Y | ≥ 1, |Y | − |Y1| ≥ 1, · · · , |Ym−2| − |Y ′| ≥ 1, |Z| − |Y |+ |Y | − |Y1|+ · · ·+
|Ym−2| − |Y ′| ≥ m. So |Z − Y ′| = |Z| − |Y ′| ≥ m. Therefore, h(Y ′) + |Z − Y ′| =
h(Y ′)+|Z|−|Y ′| ≥ h(Y ′)+m = h(X). Hence h(X ′)+|Z−X ′| = h(Y ′)+|Z−X ′| >
h(Y ′) + |Z − Y ′| ≥ h(X). If X ′ ⊂ X but X ′ * Y , then |Z −X ′| > |Z − Y ′|. So we
also have h(X ′) + |Z −X ′| = h(Y ′) + |Z −X ′| > h(Y ′) + |Z − Y ′| ≥ h(X).
Therefore, r(Z) = infY ∈Reg(U, R){h(Y ) + |Z − Y |} = h(X).
For any two regular sets X and Y in the semimodular lattice and any subset Z of
the universe, if Y is covered by X and Y ⊂ Z ⊂ X , then the closure of Z with respect
to the matroid induced by the lattice is equal to X .
Proposition 12 Let cl be the closure operator of M(Reg(U , R)), X , Y ∈ Reg(U , R)
and X ∈ F(n), Y ∈ F(n− 1)(1 ≤ n ≤ h(U)). For any Z ⊆ U , if Y ⊂ Z ⊂ X , then
cl(Z) = X .
Proof. Since X ∈ F(n), Y ∈ F(n − 1) and Y ⊂ Z ⊂ X , then according to Propo-
sition 11, r(Z) = h(X). According to Proposition 7, r(X) = h(X). According to
Proposition 10, cl(X) = X . Therefore, cl(Z) = X .
Given a matroid M , it is well known the family of all the closed sets of the matroid
together with the set inclusion is a closed-set lattice [14]. The closed-set lattice of M is
denoted by L(M). For any X , Y ∈ L(M), their least upper bound and greatest lower
bound areX∨Y = cl(X∪Y ) andX∧Y = X∩Y , respectively, where cl is the closure
operator of M . The following corollary shows the height function of any element in the
semimodular lattice is equal to the height function of itself within the closed-set lattice
induced by the matroid which is generated by the semimodular lattice.
Corollary 2 Let h1 be the height function ofL(M(Reg(U ,R))). For anyX ∈ Reg(U ,
R), h(X) = h1(X).
Proof. Let X , Y ∈ Reg(U , R), X ∈ F(n) and Y ∈ F(n − 1). According to Corol-
lary 12, cl(Z) = X for any Z ⊆ U with Y ⊂ Z ⊂ X . Hence Z /∈ L(M(Reg(U , R))).
Therefore, h(X) = h1(X) for any X ∈ Reg(U , R).
According to Proposition 8, Proposition 10, Proposition 12 and Corollary 2, we can
obtain all the elements in L(M(Reg(U , R))) from Reg(U , R). In order to illustrate
this feature, we present the following example.
Example 2 As shown in Example 1, Reg(U , R) = {∅, {4}, {1, 3}, U}. According
to Proposition 8, {2} ∈ L(M(Reg(U , R))). According to Proposition 10, {∅, {4},
{1, 3}, U} ⊆ L(M(Reg(U , R))). According to Proposition 12 and Corollary 2, Z /∈
L(M(Reg(U , R))) for any Z ⊂ U with {4} or {1, 3} ⊂ Z ⊂ U or ∅ ⊂ Z ⊂ {1, 3}.
Therefore, L(M(Reg(U , R))) = {∅, {2}, {4}, {1, 3}, U}. The lattice L(M(Reg(U ,
R))) is shown in Fig. 3.
Fig. 3: Lattice L(M(Reg(U , R))).
5 Conclusions
In this paper, we constructed a matroid by the semimodular lattice of regular sets
based on a serial and transitive relation, and studied relationships between the semi-
modular lattice and the closed-set lattice of the matroid. A family of subsets was defined
from the semimodular lattice, which provided a platform for studying rough sets using
matroidal approaches. For example, regular sets of the generalized rough set based on
a serial and transitive relation and the closure of certain subset of the universe were
connected. In future, we will use lattice theory to study relationships between covering-
based rough sets and matroids.
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